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Analytical and experimental results demonstrate that the dynamic effect of gravity degrades low-frequency
accelerometer measurements. The attitude of an accelerometer in motion in a constant uniform gravity field can_
cause the output signal to indicate an incorrect amplitude (magnitude and phase) relative to the actual
acceleration of the point on the structure at which the sensor is mounted. The effect of gravity is to attenuate
the accelerometer signals to the extent that a 180-deg phase shift between signals at different locations may occur
in the lower modes of vibration. The positions on the stracture where the phase shift occurs are called
accelerometer nodal locations, because the output of accelerometers located at these positions are theoretically
zero. The effect is demonstrated analytically and experimentally when resulis from a pendulum and a two-di-
mensional grid structure are used. An observer is designed for the grid structure in which accelerometer
measurements are used as input. The observer performance, including the dynamic effect of gravity on the
accelerometer, is compared to the performance of an observer using the output signal from the accelerometers
without compensating for the signal errors induced by the gravity field. The results show that the dynamic effect
of gravity must be included in the observer design for low-frequency response estimates in a gravity environ-
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ment.

Introduction

ANEUVER and vibration suppression strategies for
flexible structures have received considerable attention
in recent years. Numerous identification and control tech-
niques have been proposed for active vibration suppression of
large space structures (LSS).!? To test and evaluate the tech-
niques, ground experiments must be performed to determine
their practicality, performance, and robustness. The tech-
niques require sensors to estimate the state of the structure to
be used for identification and control strategies. Furthermore,
in the test and evaluation phase, it is desirable to use sensors
that are suitable for space environment, so that the identifica-
tion and control techniques can be evaluated under realistic
constraints. Accelerometers have been proposed for use in
active vibration and flutter suppression systems to control
flexible structures.’-10
The wide variety of sensors used to estimate the state of the
structure includes strain gages, rate gyros, accelerometers,
embedded sensors, proximity sensors, and piezoelectric dis-
tributed (film) sensors. In this paper, we focus our attention
on the application of accelerometers, and results are reported
accordingly. We do not imply that any one type of sensor is
more suitable than another. The accelerometer may be advan-
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tageous for active vibration suppression of flexible structures,
due to its small size and low weight. In addition, the piezoelec-
tric and piezoresistive accelerometers are becoming increas-
ingly popular, due to recent improvements in sensitivity to
low-frequency response and weight reduction. With the en-
hanced capability in the low-frequency range, the accelerome-
ter may be used to measure the low-frequency response of
flexible space structures. Results reported in this paper indi-
cate that the dynamic effect of gravity is to degrade low-fre-
quency accelerometer measurements.

We considered the applications of accelerometer measure-
ments on a rigid-body and a two-dimensional grid structure in
a 1-g environment, in which the accelerometers are used to
measure the transverse vibration of the structure relative to its
static equilibrium position. The ground experiments were con-
ducted at the Air Force Astronautics Laboratory (AFAL),
LSS laboratory. The AFAL experimental facility is used to
verify and develop identification and control strategies for
flexible structures.® Currently, structural vibrations are moni-
tored using high-sensitivity low-mass piezoelectric accelerome-
ters and proximity sensors. Initial results support the use of
accelerometer measurements for ground-based testing of iden-
tification and control techniques.

At low structural vibration frequencies in a gravity environ-
ment, the output of the accelerometers can provide unex-
pected results. As one might expect, the amplitude of the
accelerometer output is dependent on the location of the accel-
erometer on the structure. The attitude of the accelerometer in
the gravity field is sensed as a component of acceleration and
consequently will be reflected in the output signal. For the case
in which an accelerometer is mounted on a rigid structure in
pendulum motion, the accelerometer signal is attenuated by
the gravitational component and can be zero at a specific
location on the pendulum. We call this location the accelerom-
eter nodal location. For elastic motion of a structure, acceler-
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ometer nodal locations can be determined for certain modes of
vibration and predominantly occur in the lower modes of
vibration. For the two-dimensional grid, the effect of gravity
is to attenuate the accelerometer signals and to produce an
apparent 180-deg phase shift in the accelerometer output for
the first mode of vibration (when comparing accelerometer
outputs vertically above and below this nodal location). The
apparent 180-deg phase shift is due to the incorrect sign caused
by the component of gravity. Indeed, gravity alters the magni-
tude and sign of the accelerometer signal from its expected
output, but does not cause arbitrary phase errors in the signal.
In addition, the attenuation of the accelerometer measure-
ments degrades the identification of the mode shapes of the
grid, in which identification of the first mode shape is espe-
cially poor.

This paper illustrates the dynamic effect of gravity on low-
frequency accelerometer measurements, where the accelerom-
eter translates and rotates in a constant, uniform gravity envi-
ronment. The results are verified through analysis and
experiment. The paper introduces the phenomenon by describ-
ing the accelerometer output for the case of pendulum motion.
After introducing the equations of motion for flexible struc-
tures, the accelerometer nodal locations are determined ana-
Iytically for elastic motion. To circumvent the gravity effect
on the accelerometer output, an observer can be implemented
as long as it includes an accurate mathematical model of the
structure and the mathematical model of the gravity effect on
the sensors. The observer outputs are compared with and
without the gravitational effect in the design. When the gains
of the observer are chosen to satisfy the Riccati equation for
stochastic signals, the observer is known as a Kalman filter.
Analytical and experimental results, using the pendulum and
the two-dimensional grid structure, illustrate the gravity effect
on the accelerometer signals.

Accelerometers in Pendulum Motion

We begin with the mechanical representation of a vibration
measuring instrument, as shown in Fig. 1.1-13 The mass,
damping, and spring stiffness of the instrument are denoted
m, ¢, and k, respectively. The displacement of the case, the
displacement of the mass relative to the case, and the absolute
displacement of the mass are denoted by y(¢), z(t), and x(¢),
respectively, so that x(¢) = y(¢) + z(¢). The relative displace-
ment z(¢) is measured and the measurement is used to infer the
motion y(¢) of the case. From Newton’s second law, the
equation of motion can be written as'!

mi(t) + c[x(®) — y(#)] + k[x(@) - y()] =0 ¢y}
which, upon eliminating x(¢), becomes

mz(t) + cz(t) + kz(t) = — mp(¢) 2)

x(t)
z(t)

i y(t)

Fig. 1 Vibration measuring instrument.

a()
accelerometer

9 y(t)

Fig. 2 Accelerometer in pendulum motion.
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Fig. 3 Accelerometer outputs for pendulum motion.

ACCELEROMETER DATA (volts)

iy = -53m

Note that the gravitational component of acceleration can be
ignored as Egs. (1) and (2) describe motion about the equi-
librium position, where gravity is considered to be a static
effect. The accelerometer parameters, m, ¢, and k, are de-
signed such that w < w,, where w and w, denote the excitation
frequency and the natural frequency of oscillation of the
accelerometer, respectively. For harmonic motion of the case
y(t), it can be shown that Eq. (2) becomes??

Wiz = WPy 3

Hence, by measuring z and knowing w,, the acceleration of
the case = — w?z can be determined.

Consider an accelerometer translating and rotating in a
gravitational field (Fig. 2). As will become evident, gravity will
no longer be considered a static effect. From Newton’s second
law, Eq. (2) now has the form

mz(t) + ci(t) + kz(t) = — my(t) — mg sinb(¢) @)

We consider the application in which the accelerometer is
mounted to estimate the tangential component of acceleration
along a rigid structure in pendulum motion. The tangential
acceleration of the accelerometer casing is then y = £6, where
{ represents the radial distance from the accelerometer to the
pendulum support. When the small angle approximation
sind = y/{ is used, Eq. (4) becomes

m2+cz+kz=—m<j>+é;)y ®)

Where we note that in pendulum motion, the angular displace-
ment 8(¢) and the tangential accelerations ¥ are harmonic with
frequency w. It is now obvious that the acceleration due to
gravity is no longer a static effect for small pendulum motion
of the accelerometer. Hence, in the case of pendulum motion,
Eq. (3) becomes

wiz = (wz - %) y 6)

Equation (6) indicates that the dynamic effect of gravity is to
reduce the output (signed amplitude) of the accelerometer.
Figure 3 displays experimental results of three piezoelectric
accelerometers mounted on a rigid bar in pendulum motion.
The natural frequency of vibration of the pendulum, obtained
experimentally, is w = 4.9 rad/s. The three accelerometers are
placed at locations £ = 0.34 m, & =0.41 m, and & = 0.53 m,
respectively, along the rigid bar. Note that the output of the
accelerometer at location £ is nearly zero because & = g/w?,
which designates the accelerometer nodal location for the
pendulum. In addition, note the 180-deg phase difference’
between the output of accelerometers located at £ and 6.
For structures in elastic vibration, the dynamic effect of
gravity may also disturb the output of the accelerometers. For
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elastic motion, we resort to the equations of motion to deter-
mine the relationship between the translation and rotation of

the accelerometer. Indeed, accelerometer nodal locations for -

structures in elastic motion can be found using the equations
of motion governing the structures, and they can be found for
the modes of vibration individually. In the next section, we
present the equations of motion for structures in elastic vibra-
tion.

Equations of Motion for Structures

The equations of motion of a flexible structure can be
written in the form of a partial differential equation!

Lu(P,t) + m(P)i(P,t) = f(P,t), PeD )

where u(P,t) is the displacement of a point Pin the domain D,
m(P) is the mass density, and f(P,¢) is the external force
density. We consider the case in which the centrifugal forces
can be ignored such that L is a self-adjoint positive-definite
differential operator representing the system stiffness. More-
over, we assume that structural damping and gyroscopic
forces are small enough to be neglected. The displacement u
must satisfy prescribed boundary conditions. Associated with
Eq. (7), we have the differential eigenvalue problem

L$(P) = Mm(P)$(P) ®

in which ¢(P) satisfies the prescribed boundary conditions.
The solution to Eq. (8) consists of a denumerably infinite set
of real eigenfunctions ¢,(P) and associated real, positive ei-
genvalues A,, which represent the mode shapes and square of
the natural frequencies of oscillation, respectively. The in-
finite set of eigenfunctions are spatially orthogonal and can be
normalized to satisfy the orthonormality conditions.!* Using
the expansion theorem!'4

w0 = T 6(Pa,0) ©

and the orthonormality conditions, we can transform the
equations of motion [Egs. (7)] into an infinite set of indepen-
dent second-order ordinary differential modal equations

§:@) + olq, () = (), r=12,.. (10)

where w? = \,, , represent the natural frequencies of oscilla-
tion, and f,(¢) are modal forces given by

fr@®)= SDqu(P)f(P,t) dD an

Nodal Locations for Vibration-Measuring Instruments

In this section, we derive the accelerometer nodal locations
for structures in elastic vibration, or nodal locations for any
vibration-measuring instrument in which Eq. (4) holds. Before

static equilibrium

Fig.4 Accelerometer mounted on a flexible structure in 1 g.
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obtaining the nodal locations, we note that Egs. (5) and (6)
were obtained using the kinematic relations between the tan-
gential and angular acceleration and assuming small motions
of the pendulum about the static equilibrium position. For
structures in elastic vibration, we use the equations of motion
of the structure to obtain the relation between the transverse
displacement y and the angular displacement 6(¢).

In the linear range, the displacement of the structure is small
enough that we can assume the accelerometer signal y coin-
cides with the transverse acceleration i; = i(P;t)
(i =1,2,...,m) at a point P; denoting the ith accelerometer
location. Moreover, u; represents the displacement from the
static equilibrium position of the structure at a point P;, so
that 6(¢) in Eq. (4) represents any nominal rotation about the
equilibrium point and is equal to «; (i = 1,2,...,m), as illus-
trated in Fig. 4, which is the local slope at P; with respect to
the static equilibrium position. Hence, Eq. (4) becomes

mz; +cz; + kz; = — miy; —mg sin(oy; +uj) (12)
where z; (¢ = 1,2,...,m) is the relative displacement of the ith
accelerometer and o; ( = 1,2,...,m) is a constant denoting the
angle between the vertical and the tangent to the structure in
equilibrium at accelerometer location P;. We assume that o;
(i =1,2,...,m) can be computed from a static analysis. Using
a small angle approximation in u ], Eq. (12) becomes

mw; + cw; + kw; = — mii; — mg(cosa;)u | 13)

where w; = z; + mg sina;/k (i = 1,2...,m) denotes the motion
of mass m in the ith accelerometer about its static equilibrium
position. Note that for an accelerometer mounted vertically
with «; = #/2 in Eq. (13), the dynamic effect of gravity is
negligible. The dynamic effect of gravity is greatest for values
o = 0.

The accelerometer is a vibration-measuring instrument de-
signed such that the excitation frequency w is much smaller
than the natural frequency w, of the accelerometer w <€ w,, so
that inertia and damping forces in Eq. (13) may be neglected
because they are quite small in comparison to the elastic spring
force of the accelerometer. Hence, Eq. (13) becomes

a; = —wiw; = il; + g(cosa;)u |, i=12,..m (14)
where a; represents the output of the ith accelerometer. Using
Egs. (9), (10), and (14), the accelerometer output g; is given by

0= L {la(cosa)er () - 6?0, Pla,0) + 6, PL0))
i=1.2,....m (15)

where ¢/ (P;) represents the slope of the rth mode of vibration
at P;. We consider the case of free vibration, i.e., f,(#) =0
(r=1,2,.). At the accelerometer location P;, where
g(cosa;)d 1 (P;) = w?¢,(P;), the accelerometer output does not
include the contribution to the acceleration of the rth mode.
Hence, nodal accelerometer locations exist for modes of vibra-
tion that satisfy g(cose;)o.(P;) = w?¢,(P;). Examining Eq.
(15), for higher natural frequencies the effect of gravity may
be negligible due to the domination of wf, so that accelerome-
ter nodal locations occur predominantly in the lower modes of
vibration.

Observer Implementation
In this section, we develop an observer that uses accelerom-
eter measurements as input. In general, the motion of a struc-
ture can be expressed as a linear combination of the lower
modes of vibration, because a large amount of energy is
required to excite the higher modes. We consider a modal
observer comprising the lower modes of vibration.
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The modal-state estimator has the form’
V=AV+ Bf + K(a — &) (16)
where
V=10 G G2 ... §a]7
is the modal-state estimate vector,

f=ht. )7
is the modal force vector,

a=I[aa ... an]T
and

a=[aa...a,17

are the m-dimensional accelerometer output and estimated
accelerometer output vectors, respectively, and A and B are
plant matrices given by

P 0 .
=l _a o B=|; an

Note that I is the n X n identity matrix, 0 is an 7 % »n null
matrix, and A is an 7 X n diagonal matrix of eigenvalues
corresponding to the lowest » modes of vibration.. Further-
more, the matrix K is the observer gain matrix. If the system
is treated as deterministic, Eq. (16) represents a Luenberger
observer. If stochastic signals are considered, the gain matrix
K may be designed to satisfy a Riccati equation, in which case
Eq. (16) represents a Kalman filter.!> The associated output
equation has the form

d=Cv+ Df (18)

where C and D are m x 2n and m x n dimensional matrices,
respectively; from Eq. (15) their entries are given by

Cs =0, D, = ¢(P,), r=12,..m

s=12,..,n (192)

Crs = g(cosa,)q5§ (Pr) - wfq&s(P,), r=12,....m

s=n+1,n+2,...2n (19b)

A necessary condition for observability of the modal-estima-
tor requires that the matrix C contain no more than n zero
columns. The modal-state estimator gains K are designed so
that the eigenvalues of the system

e=(A - KC)e (20)

lie in the left-half of the complex plane, in which e =y — ¢
represents the state estimate error.
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Fig. 5 AFAL Grid illustration.
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Fig. 6 Observer modal displacement estimation error: gravitational
effects not included.
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Fig. 7 Observer modal displacement estimation error: gravitational
effects included.

Analytical and Experimental Results

To determine the effects of gravity on the accelerometer
measurements, an observer was implemented for the AFAL
Grid structure. The two-dimensional AFAL Grid structure is
illustrated in Fig. 5. The observer was a modal-state estimator,
given by Egs. (16) and (17). The model used in the observer
included the first four modes of vibration provided by a
Nastran model of the grid structure. To test the observer, both
analytical and experimental results were considered. In the
analytical tests, the free response was used in which the plant
and observer model contained no damping. For the experi-
mental tests, damping was added to the first mode of vibration
of the observer model. The amount of damping was deter-
mined experimentally. The structure was excited using an elec-
tromagnetic shaker with frequency approximately equal to the
first natural frequency of the structure, so that the response
consisted mainly of the first mode of vibration. Four ac-
celerometers a; (! = 1,2,3,4) and one shaker were placed as
shown in Fig. 5, where the structure is suspended vertically so
that o; = 0 (/ = 1,2,3,4) in Eq. (19). The output equation for
the observer is given by Eqgs. (18) and (19). -

We consider two cases for the observer in the analysis. In
the first, the observer is constructed without the gravitational
effect, i.e.; g = 0 in Eq. (19), and in the second, the dynamic
effect of gravity on the accelerometers is included in the ob-
server design, i.e., g = 9.81 m/s? in Eq. (19). In both cases, the
plant simulation includes the gravity effect on the accelerome-
ters. The free response was used in which the plant simulation
consisted of the first mode of vibration only. Figures 6 and 7
demonstrate the estimation error in the modal displacement ¢;
(i = 1,2,3,4) for the first and second cases, respectively. Note
that the estimation error shown in Fig. 6 does not approach
zero. Examining Fig. 7, it is evident that the state estimation
error converges to zero and that the effect of gravity must be
included in the observer design, at least for estimation of the
first mode of vibration of the grid structure.
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Figure 8 presents experimental data, where the structure’s
response consisted mainly of the first mode of vibration due to
the resonaiice excitation of the shakeér. Note the apparent
180-deg phase shift bétween a; and thé remaining accelerome-
ter outputs, due to the incorrect sign of the output signal q;.
Moreover, Fig. 8 shows that the accelerometer nodal location
for the first mode of vibration of the grid exists between a, and
a, where thése locations are illustrated in Fig. 5. The steady-
state accelerometer outputs shown in Fig. 8 were used as input
to the observer. It was necessary to add damping to the first
mode of vibration of the observer; due to the resonance excita-
tion of the structure. The damping added was experirnentally
observed for the first mode of vibration. The observer gains
were computed using the solutlon of a Riccati equation with
appropriate values for the noise intensities of the shaker and
accelerometers, so that the observer is actually a Kalman
filter.

For the experimental tests, we consider two cases for the
Kalman filter, completely analogous to the simulation tests. In
the first, the Kalman filter was constructed by ignoring the
gravnanonal effect on the accelerometer output, using g =0
in thé output equation given by Egs. (18) and (19). In the
second case, the dynamic effect of gravity on the accelerome-
ter output is included. The steady state output for the Kalman
filtér design, ignoring gravity, is shown in Fig. 9. Noteé that the
Kalman filter predicts the accelerometer ‘outputs to ‘be in
phase, contrary to Fig. 8. To predict the sign and amplitude
etror caused by gravity in accelerométer @, and the amplitude
efror in the remaining accelerometers a;, @;, and ay, we .must
include the dynamic efféct of gravity on the accelerometérs in
the Kalman filter. The steady-state Kalman filter output, in-
cluding gravity, is shown in Fig. 10. In this second case, the
Kalman filter predicts a phase shift in accelerometer a;, which
is compatible with the experimental data. Comparing Figs. 8
and 10, we note that some disagreement must exist between
the model and the actual structuré, because the amplitudes of
the accelerometer outputs prédicted by the Kalman filter do
not éexactly match thé experimental data.

ACCELERATION (m/sec’)

TIME {sec)

Fig. 8 EXperimental grid response to resonance excitiation of
mode 1.

ACCELERATION (m/sec’)

]
o
w

_,

0 1 2 3 4 5
g TIME (sec) o
Fig. 9 Experimental observer response: gravity not included.
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Fig. 10 Experimental observer response: gravity included.

Conclusions

- Analytical and experimental results demonstrate the low-
frequency response of accelerometers in a 1-g environment. It
is concluded that for low-frequency response measurements,
the dynamic effect of a uniform gravity field on the acceler-
ometer signal cannot be ignored. The effect is demonstrated
experimentally for pendulum motion and elastic vibration of
the AFAL two-dimensional grid structure. Furthermore, the
results of analysis and experiment show that accelerometer
nodal locations exist, and predommantly occur in the lower
modes of vibration. An observer is formulated to include the
dynamlc effect of gravity on the accelerometer measurements
and is compared to an observer that ighoies the effect of
gravity. The observer is constructed for the .AFAL Grid struc-
ture, and experimental results indicate that the dynamic effect
of gravity on accelerometer measurements should be included
in the observer design:
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